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Minimal energy of unicyclic graphs of a given diameter
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The energy of a graph is defined as the sum of the absolute values of all the eigen-
values of the graph. For a given positive integer d with 3 < d < n — 2, we characterize
the graphs with minimal energy in the class of unicyclic graphs with n vertices and a
given diameter d.
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1. Introduction

Let G be a simple graph with n vertices. The characteristic polynomial of
G, denoted by ¢ (G), is defined as

$(G) = det(xl = A(G)) = D ai(G)x" ™",

i=0

where I is the identity matrix of order n and A(G) is an adjacency matrix of G.
The roots of the equation ¢(G) = 0, denoted by Ay, A, ..., A,, are the eigen-
values of the graph G. Since A(G) is symmetric, all eigenvalues of G are real.
The energy of G, denoted by E(G), is then defined by

n

E(G) = Ihil.

i=1
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In chemistry, the energy of a given molecular graph is of interest since it is
closely related to the total w-electron energy of the molecule represented by that
graph. See Refs. [1-3] for more details on graph-energy concept and a survey of
the mathematical properties and results.

For a graph G with n vertices, let b;(G) = |a;(G)|, i = 0,1,...,n. Note
that by(G) = 1, b1(G) = 0, and b»(G) is the number of edges of G. For conve-
nience, let b;(G) =0 if i < 0. Let m(G, k) be number of k-matchings of G. If G
is an acyclic graph, then [1] by (G) = m(G, k) and by 1(G) = 0 for all k.

A connected graph with n vertices and n edges is called a unicyclic graph.
Obviously, a unicyclic graph has exactly one cycle.

Let G(n) be the class of graphs with n vertices whose components are all
trees except at most one being a unicyclic graph. That is, any graph in G(n) is
either acyclic or contains exactly one cycle. By Sachs theorem and the Coulson
integral formula [1, 2], we have [4, 5]

| e gy | 02 [ \’
E@G) =+ / —n D b (Gx¥ )+ D by (GXFT) | ()
T j=0 Jj=0
Thus E(G) is a monotonically increasing function of »;(G), i = 1,2,...,n. Let

Gi1,Gy € Gn). If bj(Gy) = bi(Gy) for all i > 0, then we write G; > Gj. If
G1 > G2 and there is an ip such that b;;(G) > b;;(G2), then we write G| > G».
So from (1) we have the following increasing property of energy:

G > Gy = E(G)) > E(Gy). (2)

This increasing property of energy has been used in the study of extremal val-
ues of energy over some classes of graphs. For instance, Gutman [4] determined
the trees with minimal and maximal energies. Hou [5] determined the unicyclic
graphs with minimal energy, and Yan and Ye [6] determined trees of a given
diameter with minimal energy. More results in this direction can be found in
Refs. [7-12].

Let U(n, d) be the class of unicyclic graphs with n vertices and diameter d,
where 2 < d < n — 2. By the result of Ref. [5], the graph obtained by attaching
n — 3 pendant edges to a vertex of a triangle is the unique graph in U(n, 2) with
minimal energy. In this paper, we will prove that for 3 < d < n — 2, the graph
Up.q is the unique graph in U (n, d) with minimal energy, where the graph U, 4
is shown in figure 1.

2.  Preliminaries

Denote by P, the path with n vertices. For two graphs G and H, G # H
means G and H are not isomorphic, and G O H means G contains H as a sub-
graph.
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Figure 1. Graph U, 4 with d > 3.
Lemma 1. Let G be a graph in G(n).
(a) If G contains exactly one cycle C, and uv is an edge on this cycle, then

bi(G) = bi(G —uv) + b; (G —u —v) —2bj_(G — Cy) if r =0(mod 4),
bi(G) = bi(G —uv) +b;_2(G —u —v) +2b;_(G — C,) if r # 0 (mod 4).

(b) If uv is a cut edge of G, then
bi(G) = bi(G —uv) + bj 2(G —u —v).
Proof. For edge uv of G, it is known [1, 13] that

¢(G)=¢(G—uv)—¢(G—u—v)—22¢(G—C),

ceC

where C is the set of cycles of G containing uv. In particular, if uv is a cut edge,
then

¢(G) = (G —uv) —¢(G —u —v).

Now (a) and (b) follow by equating coefficients of x”~2 on both sides of iden-
tities above. o

Remark. 1f uv is a pendant edge with pendant vertex u, then lemma 1(b)
becomes

bi(G) =b;(G —u)+b; (G —u—v).

Lemma 2. Let G be an acyclic graph and G’ a spanning subgraph (resp. proper
spanning subgraph) of G. Then G > G’ (resp. > G’).

Lemma 3. Let G be a unicyclic graph and G’ a graph obtained from G by delet-
ing at least one edge outside its unique cycle. Then G > G'.

Proof. Let H € {G, G’} and uv be an edge on the unique cycle C, in H.
If » # 0 (mod 4), by lemma 1 (a)

bi(H) =b;(H —uv) +b;_2(H —u —v) +2b;_.(H — C}).
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Since G’ is a proper spanning subgraph of G, we have by lemma 2 that b;

(G —uv) 2 bi(G" —uv), b —2(G —u—v) 2 b;j_2(G'—u—v), and b;—(G—Cy) >

bi_(G'—=C,). So we have b;(G) > b;(G"), and b>(G) > b>(G’), and then G > G'.
If r = 0(mod 4), then by (H) = 0. By lemma 1 (a)

by (H) = by (H — uv) + by 2(H —u —v) — 2by,(H — Cy)

— m(H, k) —2m(H — C,, k — %),

i.e., by (H) is the number of k-matchings of H that contain at most r/2—1 edges
of the cycle C,. So by (H) = > ¢m(Hs, k —|S]), where summation goes over all
non-perfect matchings S of C,, and where Hy is the graph obtained from H by
deleting the end vertices of S and other edges of C,. Since for any S, G is a
subgraph of Gg, we have m(Gg, k — |S|) > m(G';, k — |S|) and then by (G) >
by (G") for all k. Note that b>(G) > br(G). We have G > G'. o

Lemma 4. [1, 12]. For 2 <i < |5] and n > 4,
P,>PUP, ;> PLUP,_.
Let 7 (n, d) be the class of trees with n vertices and diameter d, where 2 <
d < n—2. Let B,4 be a graph obtained from the path P; by attaching n — d

pendant edges to an end vertex of P;. Let ¥, = B, 3. Let K1, be the star with
n vertices.

Lemma 5. [4]. For n > 5,

Py =Y, > Kj 1.
Lemma 6. [6]. Let T € T(n,d) and T # B, 4. Then T > B, 4.
Lemma 7. If d > dy > 3, then B, 4 > By 4.

Proof. Note that for any integer k > 1,

m(Bp q,k) = m(By,—1,4-1,k) +m(B,_2 4-2,k — 1),
m(By g-1,k) = m(B,—1,4-1,k) + m(Pg_2,k —1).

Since P;_» is a proper subgraph of B,_» 4_>2, we have m(B,_24-2,.k — 1) >
m(P;_3, k—1) and this inequality strict for k =2. Hence m (B, 4, k) >m (B, 41, k)
and this inequality strict for k = 2. It follows that B, 4 > B, 4—1 > -+ > By 4,.

O
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Figure 2. Graphs G;,i=1,..., 5.

For minimal energies in 7 (n, d), we point out that in [12, theorem 1] a con-
dition T # T(n,d; 1,0,...,0,n —d — 2) should be added.

By lemma 1 (b), it is easy to see that the following lemma holds. It is
known [9] that similar result holds for bipartite graphs.

Lemma 8. Let G, G’ € G(n). Let uv (resp. u’v') be a pendant edge with the pen-
dant vertex u (resp. u’) of the graph G (resp. G'). f G—u > G'—u', and G—u—v >
G—-vw—-vV,orG—u>G —u,andG—-—u—-v>G —u —v,then G > G'.

3. Main results

Now we consider the minimal energy of graphs in U(n,d) with 3 < d <
n — 2. We first consider the case d =n — 2.

Lemma 9. Let G e U(n,n —2) withn > 5 and G # U, ,,—». Then G > U, ,_».

Proof. We prove the lemma by induction on n.
If n =5, then G is isomorphic to G| or G;. (See figure 2.) It is easy to see that

¢>(G1)=x5—5x3—2x2+4x+2, ¢(G2):x5—5x3—2x2+3x,
¢(Us3) = x> — 5x + 2.

It is obvious that G; > Us 3 for i =1, 2.
If n = 6, then G is isomorphic to G3, G4 or Gs. (See figure 2.) Note that

P(G3) =x0 —6x* —2x3 +8x% +4x — 1, $(Gs) = x® — 6x* + 612,
¢(Gy) = 10— 6x* — 203 + x4+ 2x — 1, ¢ (Usa) = %0 — 6x* + 5x2.

It is obvious that G; > Ug 4 for i =3,4,5.

Suppose that the result holds for graphs in U(n—1,n—3) and U(n—2, n—4)
and that G e Y(n,n —2) and G # U, ,_» where n > 7.

Let u (resp. u’) be a pendant vertex, adjacent to v (resp. v’), which has the
largest distance to a vertex on the unique cycle of G (resp. U, ,—2). Then the
degree of vis2. So G—ueldUmn—1,n—3),G—u—veldmn—2,n—4), and
Un,n—Z —u' = Un—l,n—3; Un,n—2 —u' == Un—2,n—4-
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Since G # Uy -2, we have G—u # U,_1 p—3 or G—u—v # U,_2 ,—4. By the
induction assumption, we have either G—u > U,_1 ,-3 and G—u—v > U, _> ,_4,
orG—u>U,_1p,-3and G —u—v > U,_2,—4. By lemma 8, G > U, ,_». ]

Now we are ready to prove our main result:
Theorem 1. Let G € U(n,d) with d > 3 and G # U, 4. Then E(G) > E(Uy q).

Proof. By the increasing property (2) of energy, it suffices to prove that G >
Un.q. We prove this by induction on n —d.

By lemma 9, the result holds for n —d = 2.

Let p > 3 and suppose that the result holds for n —d < p. Now suppose
that n —d = p. Let u’ be the vertex of degree 3 in U, 4 and v’ a vertex on the
quadrangle that is adjacent to u’. By lemma 1 (a)

bi(Un,a) = bi(By,q) +bj—2(Pg—3U K1 _q) — 2b;_4(Py_3).

First note that b,(C,) > 0 = b, (U,.4), and that if 0 < i < n — 1, then by
lemma 1 (a)

bi(Cyp) = bi(Py) + bj—2(Py—2).

By lemma 7, P, > B, 4 and by lemma 4, P,_» > P; 3UP,_441 > P4 3UK] yh_q4.
So b;(Cy) = bj(Uy.q) and ba(Cy) > ba(Uy.4). Thus C, > U, 4.

In the following, suppose that the unique cycle of G is C, where r < n. Let
P(G) = vg, vy, ..., vg be a diametrical path of G. Then one of vy, v; must be a
pendant vertex.

Suppose that all pendant vertices are on P(G). Since p > 3, there are at
least two adjacency vertices u and v on C, which are outside P(G) such that
G—-—uveTmnd),G—veTmn—-1,dp) and G—u —v € T(n — 2,d3), where
dy,dy,dy > d. By lemmas 6 and 7, G —uv > By 4, > Byy, G—v > B,_1 4, >
By—1.4 and G —u—v > Bn—Z,d3 > By-2.4.

If r # 0 (mod 4), then

bi(G) =b;(G —uv) +b;_2(G —u—v)+2b;_.(G—C,).

By lemmas 2 and 5, G—u—v > B,_24 > Pyj_3UY,_4_1 > P;_3UK| ,_4. Then
bi(G) =2 bi(Uy.q) and b,(G) > by (U, q). Thus G > U, 4.

If r = 0(mod 4), then by lemma 1 (a), the expression for b;(U, 4) above
may be written as

bi(Un,a) = bi(By_1,0) + bi—2(Py—2) +b; _2(Pg—3U K1 n_q—1).

Suppose that » £ 4. Then u and v can be chosen such that there is a vertex
w on C, but outside P(G), v is adjacent to u and w, and G —u —v — w €
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T(n — 3,ds4) with dy > d. By lemmas 6 and 7, G —u —v —w > B, 34, >
B,_3.4, Let u; (resp. wy) be the vertex adjacent to u (resp. w) in C, and u; # v
(resp. wi # v). By lemma 1 (b), b;_4(G —u; —u —v —w) > b (G — C,),
bi—4(G—u—v—w—wy) = bj_ (G- C,), and then

bi(G —uv) =bj(G —v) +bj »(G—v—w)
=bi(G—v)+b; 2(G—u—v—w)
4+bi_4(G—uy —u—v—w)
2 bi(G—v)+b;i2(G—u—-v—w)+bi_(G—-C),
bi 2(G—u—v) =bi 2(G—u—v—w)+b; 4(G—u—v—w—wp)
2bi 2(G—-—u—-v—w)+b_,(G-Cp).

So by lemma 1 (a)

bi(G) =b;(G —uv) +b; 2(G—u—v)—2b_(G—Cy)
2 bi(G —v)+2b;2(G—u—v—w)
> bi(By_1.4) + 2bi_2(By_3.4).

By lemmas 2 and 5, B,_34 > P;_3UY,_q > P;_3UK| ,_4—1. Then bi_2(By—34) =

bi2(Pg—3 U K1 ,—q—1). Note that b; 2(B,—34) > b;i2(Py—2) and by(B,_34) >
ba(Py—2). So bi(G) 2 b;i(Uy q4) and bs(G) > bsy(Uy.4). Thus G > Uy, 4.

Suppose that r = 4. If all edges on the cycle are not on P(G), then by a
similar reasoning as above, we have G > U, 4. Otherwise, there is exactly one
edge on both C4 and P(G). Then n = d + 3, and by lemmas 1 and 4, for some
j, 1< j<d-1, we have

bi(G) =bi(G —uv) +b; 2(G —u —v) — 2b;_4(G — Cy)
=bi(G —v)+b; 2(P;UPyy1-j) +bi2(Pgy1) —2bj—4(P; U Pg_1-)
=bi(G —v)+bj2(P;UPy—j)+Dbi—4(PjUPy_j_1)
+b; _2(Pg) +bi_4(Py—1) — 2b; _4(P; U Py_1_j)
2 bi(G —v) +bj2(Pj U Py—j) + bi—2(Pg)
= bi(By—1,4) +bi2(Pj U Pg_j) +bi_2(Pyg).

By lemma 4, P; UP;_; = PyUP;_y > 2P U Py_5 and P; > P;_3 U P3. Then
bi(G) = bi(Uy, 4). Since by(Py) > ba(Py—3U P3), we have ba(G) > bs(Uy 4). Thus
G >Uppq.

Now suppose that there is at least one pendant vertex outside P(G). Let u’
be a pendant vertex of U, s adjacent to the vertex v’ of degree n —d + 1. Then
Upg—u' = Up—14 and U, g4 — uw—v=m-d-2)P|U By a->.

Case 1. There is a pendant vertex u outside P(G) such that its neighbor v lies
on C,. Then G —ueld(n —1,d).

If v lies outside P(G), then G —u —v 2 Pyj11.So G—u—v > (n—d—3)

PLUP; 1> —d—2)PLUBy 4-.
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Suppose that v is on P(G). Then P(G) and C, have common vertices, say
Vi, ..., Uy With s > 0.

If s =0, i.e, v = v; is the unique common vertex of P(G) and the cycle
C,,then G—u—v 2 P,UP;_; U Py, and since

bi(PLUP;_1UPy) =bi(PUP;_;)+bi_2(PUPy_y)
2 bi(Py—1) +b;i2(Pg—3) = bi(Bg,q-2)

and by(PU Pg_; U Py) > bsy(By.4-2), we have G —u —v > (n—d —4)P1 U P, U
Pi_tUPy > (n—d—2)PyUBg 4.

Suppose that s > 0. If v # v, vj45, then G—u—v D Pyy1. SO G —u—v >
Pjy1 > P1 U Bg4g-o. Otherwise, for j =l orl+s,say j =1,G—u—v 2
P; U Ty, where T| obtained by attaching a pendant edge to vertex v;y of the
path v;i1,...,vs. Note that

bi(PjUTy) =b;i(PjUPy_j)+bi2(PjUP;_1UPs_j)
= bi(Pg—1) +b;_2(Py—3) = bi(Bg.qa-2).

If (j,s) # (1,2), then bg(P; U Ty) > bg(Byq—2), otherwise P; U Tj is a proper
subgraph of G —u —v. Hence we have G —u —v > (n —d —2)P;1 U By 4-».

Now we have proved that G —u — v > U, 4 — u' — v'. By the induction
hypothesis, G —u > U,_1.4. By lemma 8, G > U, 4.
Case 2. The neighbor of any pendant vertex outside P(G) also lies outside
C,. If there is a pendant vertex u, adjacent to a vertex v outside P(G). Then
G—u—v2C,UPjpor G—u—v2 G where G elU(s,d), d+2<s<n—2.1f
every pendant vertex outside P(G) is adjacent a vertex on P(G), then we choose
a pendant vertex u, adjacent to v = vj, such that G —u—v 2 C, UP;UP,;_; or
G—u—v2P;UG", where G” € U(s,d") for some s and d’ with s + j <n —2
and d’ > d — j— 1. Hence there are three possibilities: G—u—v 2 C, UP;UPy_j,
G-—u—-v2G orG—u—-v2PUG"

First suppose that G —u —v 2 C, U P; U P;_;. Then by lemma 1 (a)

bi(C,UP;UPy_j) Zbi(P,UP;jUPy_j)+bi_»(P-—2UP;UPyg_j)
—2b;—r(P; U Py—j)
> bi(Pr1UP;jUP;_j)+bi2o(P-3UP;UP;_)
2 bi(Pr—1 U Py—1) 2 bi(Pgtr—3) 2 bi(Bg,a-2)-

By lemma 3, G—u—v > (n—d—r—-2)PIUC,UP;UP;_; > (n—d—2)Pi{UBy 4_>.
Now suppose that G—u—v 2 G’. By lemma 3 and the induction hypothesis,
G-—u—v>m—-s—-—2)PLUUsq> (n—d—2)PyUUg424. By lemma 1

bi(Ug42,4) = bi(Byy2,4) +bi—2(Pg—3U P3) — 2b; _4(Py_3)
= bi(By42,0) +bi—2(Pg—3) = bi(Bg,a-2).
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where b2(Ug12.4) > b2(Bgg-2). S0 G—u—v>m—d—2)P1UUgj424> (n—d—2)
PIUBg 4.

Finally suppose that G —u —v 2 P; UG"”. By lemma 3 and the induction
hypothesis, G —u —v > (n —3 —d + j)P1 UUg_j4+1,4—j—1. Note that

bi(PjUUj—jt1,a—j—1) =bi(PjUBg_jt14-j-1) +bi—2(PjUP3UPy_j_4)
—2b; _4(Pj U Py_j_4)
=b;j(PjUPy—j)+bi 2(PjUPy_j )
+bi 2(Pj U Py_j_4)
2 bi(Pg-1) + bi—2(Py-3) = bi(Bg,a-2)

and by(P; U Ug_jq1,a-j-1) > ba(Bgg—2). We have G—u —v > (n—d—-2)P U
Bia-2.

Now we have proved that G —u — v > U, 4 — u’ — v'. By the induction
hypothesis, G —u > U,_1.4. By lemma 8, G > U, 4.

Combining Cases 1 and 2, we conclude that the result holds for G € U(n, d)
for d > 3. The theorem is thus proved. O
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